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Abstract
An acyclic graphoidal cover of a graph G is a collection  of paths in G such that every
path in  has at least two vertices, every vertex of G is an internal vertex of at most one path
in  and every edge of G is in exactly one path in  . The minimum cardinality of an acyclic
graphoidal cover of G is called the acyclic graphoidal covering number of G and is denoted by
a. In this paper we characterize the class of graphs G for which a =  − 1 where  is the
maximum degree of a vertex in G. c© 2001 Elsevier Science B.V. All rights reserved.
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1. Introduction
By a graph G=(V; E) we mean a 9nite, undirected graph without loops or multiple
edges. For graph theoretic terminology we refer to Harary [4]. All graphs considered
in this paper are assumed to be connected and non-trivial.
If P=(v0; v1; : : : ; vn) is a path or a cycle in G, v1; : : : ; vn−1 are called internal vertices
of P. If P = (v0; v1; : : : ; vn) and Q = (vn = w0; w1; : : : ; wm) are two paths in G then the
walk obtained by concatenating P and Q at vn is denoted by P ◦ Q and the path
(vn; vn−1; : : : ; v1; v0) is denoted by P−1.
The concept of graphoidal cover was introduced by Acharya and Sampathkumar [1].
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Denition 1.1. A graphoidal cover of a graph G is a collection  of (not necessarily
open) paths in G satisfying the following conditions.
(i) Every path in  has at least two vertices.
(ii) Every vertex of G is an internal vertex of at most one path in  .
(iii) Every edge of G is in exactly one path in  .
The minimum cardinality of a graphoidal cover of G is called the graphoidal covering
number of G and is denoted by . An elaborate review of results in graphoidal covers
with several interesting applications and a large collection of unsolved problems is
given in [2].
Let G = (V; E) be a graph,  0 be a graphoidal cover of G and Z be a cycle of G
appearing in  0. Then for any edge e of Z , the family  1 = ( 0\{Z}) ∪ {Z − e; e} is
also a graphoidal cover of G. Thus by successively breaking each cycle member of  0
into paths, we can obtain a graphoidal cover  of G that has only path members. Mo-
tivated by this observation, Arumugam and Suresh Suseela [3] introduced the concept
of acyclic graphoidal covering number of a graph.
Denition 1.2. An acyclic graphoidal cover of a graph G is a graphoidal cover  
of G such that every element of  is a path in G. The minimum cardinality of an
acyclic graphoidal cover G is called the acyclic graphoidal covering number of G and
is denoted by a.
Harary [5] introduced the path partition number of a graph.
Denition 1.3. A path partition of a graph G is a collection P of paths in G such
that every edge of G is exactly one path in P. The minimum cardinality of a path
partition of G is called the path partition number of G and is denoted by .
It is clear that for any graph G; a¿ − 1 where  denotes the maximum degree
of a vertex in G. Arumugam and Suresh Suseela [3] obtained all graphs with 64
and a = − 1 and deduced a characterization of all graphs for which a = . In this
paper we obtain a characterization of all graphs for which a = − 1.
We need the following de9nitions.
Denition 1.4. Let S be a vertex cut of G and let G1; G2; : : : ; Gn be the compo-
nents of G − S. Then the induced subgraphs 〈V (Gi) ∪ S〉; i = 1; 2; : : : ; n are called
the S-components of G.
Denition 1.5. Let  be a collection of internally disjoint paths in G. A vertex of
G is said to be an interior vertex of  if it is an internal vertex of some path in
 . Any vertex which is not an interior vertex of  is said to be an exterior vertex
of  .
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Fig. 1.
Denition 1.6. A theta graph is a block with two non-adjacent vertices of degree 3
and all other vertices of degree 2.
2. Main results
Let G(w) denote the collection of all blocks whose edge set can be decomposed
into a cycle C and a collection P of internally disjoint paths such that each path P
in P has w ∈ V (C) as its origin and |V (P) ∩ V (C)|62. (The collection P may be
empty in which case the corresponding member of G(w) is a cycle.) Let G∗(w) be
the collection of all blocks of the form H ∪ P where H ∈ G(w); P is a u–v path not
containing w and V (P) ∩ V (H) = {u; v}.
We observe that if G ∈ G(w) and G is not a cycle, then degw = |P| + 2 =  and
there is at most one vertex v = w with deg v = . If G ∈ G∗(w), then degw =  or
− 1 and if degw = − 1; then G ∈ G(x) where x ∈ V (G) is a vertex of degree .
Graphs G1 and G2 given in Fig. 1 are members of G(w) and G∗(w), respectively.
Lemma 2.1. Let G ∈ G(w) and (G)¿3. Let v be a vertex of G with deg v =.
Then there exists a minimum acyclic graphoidal cover  of G such that v is the only
vertex exterior to  and a = | |= − 1.
Proof. Since G ∈ G(w); G can be decomposed into a cycle C = (w = v1; v2; : : : ; vn; v1)
and a collection P = {P1; P2; : : : ; Pk} of internally disjoint paths such that each Pi is
a v1–wi path and |V (Pi) ∩ V (C)|62. Suppose v lies on C. Since deg v =, we may
assume that w1 = v: Let Q1 and Q2 denote the two w–v sections of C with w1 on
Q1. Then  = {Q1; P−11 ◦Q2; P2; : : : ; Pk} is a minimum acyclic graphoidal cover of G,
| |=−1 and v is the only vertex exterior to  . The proof is similar if v lies on some
Pi
Lemma 2.2. If H ∈ G∗(w); then a = − 1.
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Proof. Let H = G ∪ P where G ∈G(w), P is a u–v path not passing through w and
V (G)∩V (P)={u; v}. We may assume that G is as in Lemma 2.1 and both u and v lie
on C. Let R1 and R2 denote the two w–v sections of C with u on R1. If degw=−1,
then H ∈G(x) where, x is a vertex of degree  in H and the result follows from
Lemma 2.1. Suppose degw= . If the v1–w1 path P1 in P is such that w1 = u; v and
w1 ∈ R1, then  = (P\{P1}) ∪ {R1; P ◦ R−12 ◦ P1} is a minimum acyclic graphoidal
cover of H with | |=−1. If w1 ∈ R2, then  =(P−{P1})∪{P ◦R−12 ; P−11 ◦R1} is a
minimum acyclic graphoidal cover of H with | |=−1. If each path in P has either
u or v as its terminus, since degw= , we may assume that w1 = u and w2 = v. Now
 = (P\{P1; P2})∪ {R1; P−11 ◦R2; P2 ◦P−1} is a minimum acyclic graphoidal cover of
G with | |= − 1.
Lemma 2.3. Let G be a block with at least three vertices. If there exists an acyclic
graphoidal cover  of G such that every path in  has w ∈ V (G) as its origin; then
G ∈ G(w) or G ∈ G∗(w).
Proof. We 9rst prove that when | |¿ 2 there exists an acyclic graphoidal cover  1
of G such that every path in  1 has w as its origin and  1 contains a path P all of
whose internal vertices, if any, are of degree 2 in G. We consider two cases.
Case (i): There exists a vertex v = w, such that v is exterior to  .
Let P1 be a w–v path in  . If an internal vertex of P1 has degree greater than 2, let
w1 be the 9rst such vertex on P1 and let P2 be a w–w1 path in  . Let Q1 be the w–w1
section of P1 and let Q2 be the path consisting of P2 followed by the w1–v section of
P1. Then  1 = ( \{P1; P2})∪ {Q1; Q2} is an acyclic graphoidal cover of G and every
internal vertex of Q1 has degree 2 in G.
Case (ii): w is the only vertex exterior to  .
Let P1 and P2 be paths in  such that P2 contains the terminus v1 of P1 as an
internal vertex.
Subcase (a): The terminus v2 of P2 lies on P1.
Then every vertex of P1 ∪P2 other than w is in the interior of  . Since | |¿ 2,
there exists a path P3 in  such that the terminus v3 of P3 is in V (P1) ∪ V (P2). If
an internal vertex of P3 has degree greater than 2, let w1 be the 9rst such vertex of
P3. Let P4 be a w–w1 path in  . Then  1 = ( \{P3; P4}) ∪ {Q1; Q2} where Q1 is the
w–w1 section of P3 and Q2 =P4 ◦ (w1–v1 section of P3) is an acyclic graphoidal cover
of G and every internal vertex of Q1 has degree 2 in G.
Subcase (b): The terminus v2 of P2 is not in P1.
If P1 contains an internal vertex of degree greater than 2, let w1 be the 9rst such
vertex of P1. Let P3 be a w–w1 path in  . Then  1=( \{P1; P3})∪{Q1; Q2} where Q1
is the w–w1 section of P1 and Q2 =P3 ◦ (w1–v1 section of P1) is an acyclic graphoidal
cover of G and every internal vertex of Q1 has degree 2 in G.
We now proceed to prove by induction on | | that G ∈G(w) or G ∈G∗(w). If | |=2,
then G is either a cycle, or a cycle with a chord or a theta graph and hence G ∈G(w),
where w is a vertex of degree  in G. We now assume that the result is true for any
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block G with | |= k. Let H be a block with an acyclic graphoidal cover  such that
| | = k + 1, every path in  has w as its origin and there exists a path P in  such
that every internal vertex of P has degree 2 in G. By induction hypothesis, the graph
G obtained from H by removing all internal vertices of P is in G(w) or G∗(w) and
hence it follows that H is also in G(w) or G∗(w).
Combining Lemmas 2.1–2.3 we have
Theorem 2.4. For a block G with ¿3; a = −1 if and only if G ∈G(w)
or G∗(w).
Proof. Suppose a = −1. Let w be a vertex of degree  and let  be a minimum
acyclic graphoidal cover of G. Let P be the u–v path in  having w as an internal
vertex. Let P1 and P2 denote the w–u section and w–v section of P. Then  ′ =
( −{P})∪{P1; P2} is an acyclic graphoidal cover of G such that every path in  has
w as its origin. Hence by Lemma 2.3, G ∈G(w) or G ∈G∗(w). The converse follows
from Lemmas 2.1 and 2.2.
Theorem 2.5. Let G be a graph with connectivity = 1 and minimum degree ¿ 1.
Then a = − 1 if and only if G has exactly one cutvertex w; degw =  and every
block of G is either in G(w) or G∗(w).
Proof. Suppose a =−1. Let w ∈ V (G) and degw=. Let  be a minimum acyclic
graphoidal cover of G. Since | |= − 1, every path in  contains w and hence it
follows that w is the only cutvertex of G. Let B1; B2; : : : ; Bn denote the blocks of G.
Let P be the u–v section path in  having w as an internal vertex. Let P1 and P2
denote the u–w section and w–v section of P. Let  ′=( \{P}) ∪ {P1; P2}. Clearly,
 ′=
⋃n
i= 1  i where each  i is an acyclic graphoidal cover of Bi and each path in  i
has w as an end vertex. Hence by Lemma 2.3 each Bi is in G(w) or G∗(w).
Conversely, let G be a connected graph with exactly one cutvertex w, degw=
and ¿ 1. Let B1; B2; : : : ; Bn be the blocks of G. Since Bi ∈ G(w) or G∗(w) it follows
from Lemmas 2.2 and 2.3 that there exists a minimum acyclic graphoidal cover  i for
Bi such that each path in  i contains w. Let  =
⋃n
i= 1  i. If w is an exterior vertex of
 , replace  by ( \{P;Q})∪{P−1 ◦Q} where P ∈  1 and Q ∈  2. If w is an internal
vertex of more than one path in  , then retain exactly one such path and replace
each of the remaining such paths P by its two sections having w as an end vertex.
The resulting collection  is a minimum acyclic graphoidal cover of G with | |=
−1.
Theorem 2.6. Let G be a connected graph with = 1. Then a = − 1 if and only
if one of the following holds.
(a) G is homeomorphic to the star K1;.
(b) There exists a vertex w in G such that one of the following holds.
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(i) G is a member of G(w) with at most one path attached at a vertex di7erent
from w.
(ii) w is a cutvertex of G and any {w}-component of G is either a path with
w as origin or a member of G∗(w) or a member of G(w) with at most one
path attached at a vertex di7erent from w.
Proof. Suppose a = − 1. Let w be a vertex of degree  and let  be a minimum
acyclic graphoidal cover of G. Remove successively the pendant vertices in G until
we obtain a subgraph H of G such that either H = K1 or (H)¿ 1 and let  ′ be
the collection of non-trivial paths obtained from  by performing the same sequence
of operations on the paths in  . If H = K1, then V (H) = {w} and every path in  
contains w and hence G is homeomorphic to K1;. Suppose (H)¿ 1. Since  ′ is a
minimum acyclic graphoidal cover of H and every path in  ′ contains w, it follows
from Theorems 2.4 and 2.5 that either H is a block which is in G(w) or G∗(w) or
w is the only cutvertex of H with each of its blocks in G(w) or G∗(w). Since w
lies in every path in  , it follows that deg v = 1 or 2 for all v ∈ V (G)\V (H) and
hence each component of the edge-induced subgraph 〈E(G)\E(H)〉 is a path. Further
it follows from Lemma 2.1 that for any block B of H with B ∈ G(w) there exists at
most one point v ∈ B with v = w such that v is exterior to  and hence there is at most
one path P in 〈E(G)\E(H)〉 with V (P) ∩ V (B) = {v}. Hence G is in the form given
in (ii).
Conversely, if G is homeomorphic to a star, then trivially a =− 1. Suppose G is
as given in (ii) and let the {w}-components of G be
(a) P1; P2; : : : ; Pk which are paths with w as origin,
(b) B1; B2; : : : ; Bm which are members of G(w) or G∗(w) and
(c) H1; H2; : : : ; Hn where Hi is obtained from a member of G(w) by attaching exactly
one path Qi at a vertex vi = w.
It follows from Lemma 2.1 and Theorem 2.4 that there exists a minimum acyclic
graphoidal cover  1 of H such that every path in  1 passes through w and v1; v2; : : : ; vn
are exterior to  1. Let Ri be the path in  1 with vi as its terminus and Ti = Ri ◦ Qi.
Then  =( 1\{R1; R2; : : : ; Rn})∪{T1; T2; : : : ; Tn}∪{P1; P2; : : : ; Pk} is a minimum acyclic
graphoidal cover of G with | |= −1.
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